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SEIFERT Gm-BUNDLES
JA´NOS KOLLA´R
Seifert fibered 3–manifolds were introduced and studied in [Sei32]. (See [ST80]
for an English translation.) Roughly speaking, these are 3–manifolds M which
admit a differentiable map f : M → F to a surface F such that every fiber is a
circle. Higher dimensional Seifert fibered manifolds were investigated in [OW75].
The authors observed that in many cases of interest Seifert fibered manifolds corre-
spond to holomorphic Seifert C∗-bundles, and started to develop a general theory
of holomorphic Seifert G-bundles for any complex Lie group G.
Definition 1. Let X be a normal variety (or algebraic space) over a field k and G
a (reduced) algebraic group over k. A Seifert G-bundle over X is a normal variety
(or algebraic space) Y together with a morphism f : Y → X and a G-action on Y
satisfying the following two conditions.
(1) f is affine and G-equivariant (with respect to the trivial action on X).
(2) For every x ∈ X , the G-action on the reduced fiber Yx := red f−1(x)
G × Yx → Yx is G-equivariantly isomorphic to the natural (left) G-action
on G/Ix for some finite subgroup Ix ⊂ G.
Let G × Y → Y be a proper G-action on a normal variety (or algebraic space).
The geometric quotient Y/G exists as an algebraic space (cf. [Kol97, KM97]) and
f : Y → Y/G is a Seifert G-bundle. As with many quotient problems, even if Y is
a quasi projective variety, X need not be quasi projective. (Many such examples
are given in [Cox95].) Thus it is natural to work with algebraic spaces. This is,
however, a purely technical point, and makes no difference for our purposes. In the
questions motivating this work, X is always projective.
One can thus view the theory of Seifert G-bundles as a special chapter of the
study of algebraic group actions. The emphasis is, however, quite different. [OW75]
studied Seifert S1-bundles over CPn in order to construct exotic spheres, extending
and reformulating earlier results of [Bri66].
In a series of papers, Boyer and Galicki developed a method to construct Ein-
stein metrics on links of certain weighted homogeneous singularities [BG01, BGN02,
BGN03a, BGN03b, BG03, BGK03]. These links are Seifert S1-bundles over the
corresponding projective hypersurfaces in weighted projective spaces. Seifert S1-
bundles over smooth rational surfaces were used to construct Einstein metrics on
connected sums of S2 × S3 [Kol04a], but further results need the study of Seifert
S1-bundles over singular surfaces as well [Kol04b].
The main aim of this paper is to provide the necessary foundations on Seifert
C∗-bundles to continue work in this direction, but Seifert Gm-bundles are also
interesting from other points of view, see [Dol75, Pin77, Dem88, FZ03].
Ultimately one is mostly interested in Seifert S1-bundles f : M → X where M
is a manifold and X an orbifold, but the general theory is the same for any normal
variety X .
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A complete classification of holomorphic Seifert C∗-bundles over smooth projec-
tive varieties X such that H1(X,Z) is torsion free is given in [OW75]. In section
1 this is extend to any normal variety in any characteristic (7). The local struc-
ture of Seifert Gm-bundles is studied in section 2. For applications a key point is
the smoothness criterion given in (29). Section 3 is devoted to investigating the
relationship between holomorphic and topological Seifert C∗-bundles. The most
interesting Seifert Gm-bundles, those with a smooth total space, are studied in sec-
tion 4. Finally Section 5 contains some information about the topology of Seifert
C∗-bundles. The computation of the cohomology groups Hi(Y,Q) is easy, but the
much more interesting torsion in Hi(Y,Z) remains mostly unexplored.
1. Classification of Seifert Gm-bundles
Notation 2. Gm denotes the multiplicative group GL(1). As a scheme, it is
Speck k[t, t
−1]. The Mth roots of unity form the subgroup scheme
µM := Speck k[t, t
−1]/(tM − 1).
These are all the subgroup schemes of Gm. µM is nonreduced when char k divides
M .
Every linear representation ρ : Gm → GL(W ) is completely reducible, and the
same holds for any subgroup G ⊂ Gm (see, for instance, [DG70, I.4.7.3]). The set
of vectors {v : ρ(λ)(v) = λiv} is called the λi-eigenspace. We use this terminology
also for µM -actions. In this case i is determined modulo M .
If a group G acts on a scheme X via ρ : G → Aut(X), we get an action on
rational functions on X given by f 7→ f ◦ ρ(g−1). (The inverse is needed mostly for
noncommutative groups only.)
Thus if Gm acts on itself by multiplication, we get an induced action on k[t, t
−1]
where λ ∈ Gm(k¯) acts as t
i 7→ λ−iti. Thus ti spans the λ−i-eigenspace.
A Gm-action on a k-algebra A is equivalent to a Z grading A =
∑
i∈ZAi where
Ai is the λ
−i-eigenspace.
The natural Gm-action on Gm/µM corresponds to the algebra
∑
i∈MZ k
∼=
k[tM , t−M ].
Definition 3. Let f : Y → X be a Seifert Gm-bundle. For every x ∈ X , the
Gm-action on the reduced fiber Yx := red f
−1(x) is isomorphic to the natural Gm-
action on Gm/µm(x) for some m(x), called the multiplicity of the fiber over x. We
always assume that m(x) = 1 for all x in some dense open subset of X . That is,
we assume that the Gm action is effective.
Definition 4. Let X be a normal variety. A rank 1 reflexive sheaf is a coherent
sheaf L such that L is locally free of rank 1 over a dense open set and the natural
map from L to its double dual L→ (L∗)∗ is an isomorphism.
Rank 1 reflexive sheaves on X form a group, called the class group of X , denoted
by Cl(X). The group operation is given by the double dual of the tensor product
(L⊗M)∗∗. For tensor powers we use the notation
L[k] := (L⊗k)∗∗.
Let D be a Weil divisor on X . Then OX(D) is a rank 1 reflexive sheaf and we
obtain an isomorphism
Cl(X) ∼= Weil(X)/(linear equivalence).
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For a real number s its round down (or integral part) is denoted by ⌊s⌋.
Our first aim is to classify Seifert Gm-bundles over X in terms of more familiar
objects on X .
Definition 5. (cf. [Pin77, Dem88]) Let X be a normal variety, L a rank 1 reflexive
sheaf on X , Di distinct irreducible divisors and 0 < si < 1 rational numbers. Define
S(L,
∑
siDi) :=
∑
j∈Z L
[j]
(∑
i⌊jsi⌋Di
)
and
Y (L,
∑
siDi) := SpecX S(L,
∑
siDi).
There is a natural Gm-action on S(L,
∑
siDi) where L
[j](
∑
i⌊jsi⌋Di) is the λ
j
eigensubsheaf. (See (6) for chosing λj instead of λ−j .) This induces a Gm-action
on Y (L,
∑
siDi).
When using the above notation we always assume that the multiplicative struc-
ture of the algebra S(L,
∑
siDi) is given by the tensor product
L[n]
(∑
i⌊nsi⌋Di
)
⊗ L[m]
(∑
i⌊msi⌋Di
)
→ L[n+m]
(∑
i⌊(n+m)si⌋Di
)
.
(This map exists since ⌊a⌋+ ⌊b⌋ ≤ ⌊a+ b⌋ for any a, b.)
Remark 6. [Sign choices]
Let f : L→ X be a line bundle with zero sectionX ⊂ L. One usually identifies L
with its sheaf of sections, temporarily denoted by L. There is a natural Gm-action
on Y := L \X coming from the standard GL(1) action on the fibers of f .
The push forward of the structure sheaf is f∗OL =
∑
i≥0 L
−i and L−i is the
λ−i-eigensubsheaf. Thus
f∗OY =
∑
i∈Z L
i,
and L is naturally identified with L, which is the λ1-eigensubsheaf.
Special cases of the classification of Seifert Gm-bundles can be found in the
papers [Dol75, Pin77, Dem88, FZ03]. The proof of the general case is essentially
the same.
Theorem 7. Let X be a normal variety (or algebraic space).
(1) Every Seifert Gm-bundle f : Y → X can be uniquely written as Y ∼=
Y (L,
∑
siDi) for some L and
∑
siDi as in (5).
(2) f : Y (L,
∑
siDi) → X is a Seifert Gm-bundle iff L[M ](
∑
i(Msi)Di) is
locally free for some M > 0 and Msi is an integer for every i.
(3) The multiplicity of the Seifert fiber Yx is the smallest natural number M =
m(x) such that L[M ](
∑
i(Msi)Di) is locally free at x and Msi is an integer
for every i such that x ∈ Di.
Remark 8. (1) One can easily see that the proof also works for nomal analytic
spaces. Thus we obtain that if X is a normal and proper variety over C then one
can naturally identify algebraic and analytic Seifert C∗-bundles over X .
(2) The result suggests that codimension 1 fixed points of the Gm-action are
encoded in the divisorial part
∑
siDi while information about higher codimension
fixed point sets is carried by the sheaf part L. This is, however, probably the wrong
interpretation.
From the stacky point of view of (21) one can identify the pair (L,
∑
siDi) with
a single rank one reflexive sheaf on the quotient stack Y/Gm.
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(3) Without the local freeness assumption in (7.2), the finite generation of the al-
gebra S(L,
∑
siDi) is a very subtle question, closely intertwined with the existence
of flips, cf. [KM98, Sec.6.1].
(4) The Theorem implies that all Seifert Gm-bundles over X form a group iso-
morphic to
Weil(X)Q × Cl(X)/〈(D,O(−D)) : D ∈Weil(X)〉,
but I did not find the group structure useful.
Definition 9. [OW75, Vis89] Let Y ∼= Y (L,
∑
siDi)→ X be a Seifert Gm-bundle
over X . Then L[M ](
∑
i(Msi)Di) is locally free and so it is an element of Pic(X).
We can formally divide this by M and get an element, called the Chern class of
Y/X
c1(Y/X) :=
1
ML
[M ](
∑
i(Msi)Di) ∈ Pic(X)Q
= c1(L) +
∑
isi[Di].
If we are over C, we also get a topological Chern class
c1(Y/X) :=
1
M c1
(
L[M ](
∑
i(Msi)Di)
)
∈ H2(X,Q).
There is very little chance of confusion by using the same notation.
Note that although c1(Y/X) is a rational class, M · c1(Y/X) is a well defined
class in H2(X,Z) or in Pic(X). More generally, if j : U →֒ X is an open set and
m(U) := lcm{m(x) : x ∈ U} then there is a well defined class
m(U) · c1(Y/X) = c1
(
j∗
(
L[m(U)](
∑
i(m(U)si)Di)
))
∈ H2(U,Z)
or in Pic(U).
Similarly, if s(U) := lcm{(denominator of si) : Di ∩ U 6= ∅} then there is a well
defined class s(U) · c1(Y/X) ∈ Cl(U).
10 (Proof of (7). Let f : Y → X be a Seifert Gm-bundle. Since f : Y → X is
affine, f∗OY is a quasicoherent sheaf with a Gm-action. Thus it decomposes as a
sum of Gm-eigensubsheaves
f∗OY =
∑
j∈Z Lj , (10.1)
where Lj is the λ
j eigensubsheaf, with multiplication maps mab : La⊗Lb → La+b.
Pick any point x ∈ X . By assumption Yx ∼= Gm/µm(x), thus t
−m(x) on Gm
descends to an invertible function hx on Yx which is a Gm-eigenfunction with eigen-
characterm(x). There is an affine neighborhood x ∈ U ⊂ X such that hx lifts to an
invertible function hU on f
−1(U) which is a Gm-eigenfunction with eigencharacter
m(x). This hU is a generator of Lm(x) on U and h
s
U is a generator of L
⊗s
m(x) on
U . Thus for M = m(X) := lcm{m(x) : x ∈ X}, LM is locally free on X and the
multiplication maps L⊗sM → LsM are isomorphisms for every s ∈ Z.
Taking Mth power gives a map L⊗M1 → LM , hence LM
∼= L
[M ]
1 (
∑
diDi) where
the Di are distinct irreducible divisors and di > 0.
For j > 0, the jth power map L⊗j1 → Lj shows that Lj ⊂ (Lj)
∗∗ = L
[j]
1 (
∑
dijDi)
for some dik (where a priori we may have divisors Di that do not appear in the
expression for LM above) and theMth power map L
⊗M
j → LjM
∼= L
[jM ]
1 (
∑
jdiDi)
shows that
∑
dijDi ≤
∑
⌊jdi/M⌋Di.
This also holds for j < 0 as shown by the isomorphisms Lj ∼= Lj+M ⊗ L
−1
M .
Thus f∗OY =
∑
j∈Z Lj is a subalgebra of S(L,
∑
(di/M)Di) and the two agree
in all degrees divisible by M . Therefore we get that Y (L,
∑
(di/M)Di) → Y is
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birational and finite, hence normalization. We have assumed that Y is normal,
thus Y (L,
∑
(di/M)Di) ∼= Y . Since L1 = L
[1]
1 (
∑
⌊di/M⌋Di), we conclude that
si := di/M < 1. This proves (1).
Conversely, assume that L[M ](
∑
i(Msi)Di) is locally free for some M > 0 and
Msi is an integer for every i. We need to prove that S(L,
∑
siDi) is a Seifert
Gm-bundle. The question is local, so let us fix a point x ∈ X and let M be the
smallest positive number such that L[M ](
∑
i(Msi)Di) is locally free at x and Msi
is an integer for every i such that x ∈ Di.
The fiber of Y (L,
∑
siDi)→ X over x is the spectrum of
S(L,
∑
i siDi)⊗ k(x)
∼=
∑
j L
[j](
∑
i(jsi)Di)⊗ k(x),
where k(x) is the residue field of x.
By (11), the summands corresponding to those j such that L[j](
∑
i(jsi)Di) is
not locally free are nilpotent, and also those summands whereMsi is not an integer
for every i such that x ∈ Di. Thus
Yx = Speck(x)
(∑
j
L[j](
∑
i(jsi)Di)⊗ k(x)
)
/(nilpotents)
= Speck(x)
∑
j∈MZ
k(x) ∼= Gm/µM .
This proves parts (2) and (3). 
Lemma 11. Let L,M be rank 1 torsion free sheaves and assume that there is a
surjective map h : L⊗M ։ OX . Then L,M are both locally free.
Proof. Pick x ∈ X . By assumption there is an affine nieghborhood x ∈ U and
sections α ∈ H0(U,L), β ∈ H0(U,M) such that h(α⊗ β) is invertible.
Let γ ∈ H0(U,L) be arbitrary. Then h(γ ⊗ β) = f · h(α⊗ β) for some f ∈ OU ,
thus h((γ − fα)⊗ β) = 0. Thus γ − fα is zero on the open set where M is locally
free, hence it is zero since L is torsion free. Thus α generates L|U and so L is locally
free. 
Example 12 (Seifert Gm-bundles over curves). Given relatively prime natural
numbers 0 < b < c, let 0 < e < c be the unique solution of be ≡ 1 mod c.
Consider k[s, s−1, u] with a Gm-action s 7→ λ−cs, u 7→ λeu. The Gm-invariants
form the polynomial ring = k[seuc].
Set X := Speck[s
euc] and Y := Speck k[s, s
−1, u] → X . This is a Seifert Gm-
bundle with Lc = s
−1k[seuc] and L1 = u
bs(be−1)/ck[seuc]. Therefore
L⊗c1 = (u
bs(be−1)/c)ck[seuc] = (seuc)bLc.
Thus, over the line X we get the Seifert Gm-bundle Y ∼= Y (OX ,
b
c (origin)).
The local generating section of L1 is h = u
bs(be−1)/c, thus, as a function on Y ,
h vanishes along the central fiber with multiplicity b.
Etale locally, this describes Seifert Gm-bundles over curves. More generally, by
replacing k with the quotient field of a divisor D ⊂ X , this construction describes
the behaviour of an arbitrary Seifert Gm-bundle generically (e´tale locally) along
divisors.
13 (Maps between Seifert Gm-bundles). Let Y = SpecX
∑
j∈Z Lj be a Seifert Gm-
bundle as in (10.1). For any natural number M , YM := SpecX
∑
j∈MZ Lj is also
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a Seifert Gm-bundle, which can also be viewed as Y/µM , the quotient of Y by the
action of µM ⊂ Gm. Note that c1((Y/µM )/X) =Mc1(Y/X).
The case when M = m(X) is especially interesting, as SpecX
∑
j∈m(X)Z Lj is a
Gm-bundle. We denote this by Y/µX with quotient map π : Y → Y/µX .
Thus we see that every Seifert Gm-bundle can be realized as a (ramified) cover
of a Gm-bundle. This observation was a key step in the classification of [OW75].
14 (Compactification of Seifert Gm-bundles). Seifert Gm-bundles can be com-
pactified by adding the missing zero and infinity sections. Adding the zero sec-
tion corresponds to SpecX
∑
j≤0 Lj and adding the infinity section corresponds to
SpecX
∑
j≥0 Lj in the notation of (10.1). Their union gives a proper morphism
f¯ : Y¯ → X which is a P1-bundle over the set where m(x) = 1. We have the zero
section X0 ⊂ Y¯ and the infinity section X∞ ⊂ Y¯ . Although Y¯ is almost always
singular, it is a very useful compactification.
For instance, if X is proper, the zero section X0 ⊂ Y¯ can be contracted to a
point iff c1(Y/X) is negative. The result of the contraction is the affine variety
Speck
∑
j≤0H
0(X,Lj).
Similarly, if c1(Y/X) is positive, then the infinity section X∞ ⊂ Y¯ can be con-
tracted.
Thus Seifert Gm-bundles with c1(Y/X) negative or positive can all be viewed as
a singularity with a good Gm-action (minus the singular point itself). This is the
point of view in [Dol75, Pin77, Dem88].
15 (The class group of Seifert bundles). Let f : Y = Y (L,
∑ bi
ai
Di) → X be a
Seifert bundle. Our aim is to compute the class group Cl(Y ) of divisors modulo
linear equivalence in terms of Cl(X), L and
∑ bi
ai
Di.
Note first that there is a natural pull back map f∗ : Cl(X) → Cl(Y ) since f is
equidimensional. Set DYi := red f
−1(Di).
Proposition 16. [FZ03, 4.22] Let f : Y = Y (L,
∑ bi
ai
Di) → X be a Seifert Gm-
bundle. Then
Cl(Y ) = 〈f∗ Cl(X), DY1 , . . . , D
Y
m〉/(f
∗[Di]− aiD
Y
i , f
∗[L] +
∑
biD
Y
i ).
It is somewhat less precise but more transparent to write this as
Cl(Y ) ∼= 〈Cl(X), 1a1 [D1], . . . ,
1
an
[Dn]〉/(c1(Y/X)).
Proof. By [FMSS95], if a connected solvable group G acts on a scheme Y
then Cl(Y ) is generated by G-invariant divisors and the relations are given by
G-eigenfunctions.
The Gm-invariant divisors on Y are the pull backs of divisors on X , except that
f∗Di becomes aiD
Y
i .
A Gm-equivariant rational function on Y can be identified with a G-equivariant
rational section of f∗OY . Let h be any nonzero rational section of L1. Then every
Gm-equivariant rational section of f∗OY is of the form φ(x)hk for some k ∈ Z,
hence (h) = 0 gives all other relations.
Choose h such that it has neither zero nor pole along the divisors Di. As we
computed in (12), h, as a function on Y , has a bi-fold zero along D
Y
i . This gives
the relation f∗[L] +
∑
biD
Y
i = 0. 
All the rational Chow groups of arbitrary Seifert G-bundles are computed in
[Vis89, 4.4].
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17 (Seifert Gnm-bundles). The description of all Seifert G
n
m-bundles for n ≥ 2 is
very similar.
Let X be a normal variety, L1, . . . , Ln rank 1 reflexive sheaves on X and ∆i =∑
j sijDij Q-divisors such that ⌊∆i⌋ = 0. Define
S(L1, . . . , Ln,∆1, . . . ,∆n) :=
∑
j1,...,jn∈Z
(Lj11 ⊗ · · · ⊗ L
jn
n )
∗∗
(
⌊
∑
i ji∆i⌋
)
, and
Y (L1, . . . , Ln,∆1, . . . ,∆n) := SpecX S(L1, . . . Ln,∆1, . . . ,∆n).
This is a Seifert Gnm-bundle iff the set of all multi indices (j1, . . . , jn) such that
(Lj11 ⊗ · · · ⊗ L
jn
n )
∗∗
(
⌊
∑
iji∆i⌋
)
is locally free and
∑
iji∆i is an integral divisor, is a subgroup of rank n of Z
n.
Exactly as in (7) we obtain that every Seifert Gnm-bundle f : Y → X can be
written as Y ∼= Y (L1, . . . , Ln,∆1, . . . ,∆n) for some Li and ∆i.
2. Local classification of Seifert Gm-bundles
18 (Quotient description). Let f : Y (L,
∑
siDi)→ X be a Seifert Gm-bundle and
x ∈ X a point. Set M = m(x). By replacing X by a smaller open neighborhood
of x if necessary, we may assume that LM is free and LjM ∼= L
⊗j
M for every j ∈ Z.
Fix an isomorphism φ : LM ∼= OX .
φ defines an algebra structure on
∑M−1
j=0 Lj by the rules
La ⊗ Lb
mab→ La+b if a+ b < M , and
La ⊗ Lb
mab→ La+b = LM ⊗ La+b−M
φ⊗1
→ La+b−M if a+ b ≥M .
We denote this algebra by S(L,
∑
siDi)/(φ), the notation suggesting the natural
quotient map
Φ : S(L,
∑
siDi)→ S(L,
∑
siDi)/(φ).
Set Z(L,
∑
siDi, φ) := SpecX S(L,
∑
siDi)/(φ). It is a Cartier divisor in Y (L,
∑
siDi).
It should be noted that Z(L,
∑
siDi, φ) depends only sligtly on the choice of φ.
Any other choice of φ can be written as u · φ where u ∈ OX is invertible near x. If
chark does not divide m(x) then u = vm(x) for some v (at least e´tale locally) and
we obtain that Z(L,
∑
siDi, φ) ∼= Z(L,
∑
siDi, u · φ) by the map L → L which is
multiplication by v.
There is a µM -action on S(L,
∑
siDi)/(φ) where Lj is the λ
j-eigensubsheaf.
There is also a natural injection
Φ¯ : S(L,
∑
siDi) →֒ S(L,
∑
siDi)/(φ)⊗k k[t, t
−1]
given by Φ¯(Lj) = Φ(Lj)⊗ tj .
The µM -action on Z(L,
∑
siDi, φ) and the natural µM -action on Gm give a
diagonal µM action on Z(L,
∑
siDi, φ)×Gm given by
Li ⊗ t
j 7→ λi−j · Li ⊗ t
j .
Proposition 19. The induced map Φ¯∗ : Z(L,
∑
siDi, φ)×Gm → Y (L,
∑
siDi) is
the quotient map by the above µM action. The quotient map Φ¯
∗ is e´tale if char k
does not divide M .
Proof. Li ⊗ tj is µM -invariant iff i ≡ j mod M . These form exactly the image
of Φ¯.
The µM action on Gm is fixed point free if chark does not divide M , hence so
is the µM action on Z(L,
∑
siDi, φ)×Gm. Thus Φ¯∗ is e´tale. 
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Proposition 20. Y (L,
∑
siDi) is smooth along f
−1(x) iff Z(L,
∑
siDi, φ) is smooth
above x.
Proof. If char k does not divide m(x) then this follows directly from (19).
To see the general case, note that we have computed in (10) that the reduced
fiber Yx can be identified as Spec
∑
j∈MZ k(x). Since S(L,
∑
siDi)/(φ) is the sum
of terms of degree les thatM , we see that Yx ⊂ Y (L,
∑
siDi) and the hypersurface
Z(L,
∑
siDi, φ) ⊂ Y (L,
∑
siDi) intersect scheme theoretically in one point only.
If Z(L,
∑
siDi, φ) is smooth then so is Y (L,
∑
siDi) since Z(L,
∑
siDi, φ) is
Cartier divisor. Conversely, in a smooth variety, a Cartier divisor transversal to a
smooth curve is again smooth. 
21 (Stacky viewpoint). Instead of considering the geometric quotient Y/Gm as
a variety, one can also view it is a stack (see, for instance, [Fan01] for a short
introduction). Then we have proved that the Z(L,
∑
siDi, φ)/µM give local charts
for the quotient stack. This approach will be especially useful when Y is smooth
and chark = 0. In this case the Z(L,
∑
siDi, φ) are smooth and so the quotient
stack Y/Gm is an orbifold. This case is studied in detail beginning (25).
While (20) is a smoothness criterion in principle, it is difficult to apply in practice.
Our next aim is to develop a smoothness criterion that is truly transparent.
It is easier to work from the other direction. First we recall the local classifica-
tion of cyclic group actions near a fixed point, then we see how these give actions
on a (smooth variety) × Gm. Then we compute the corresponding description as
Y (L,
∑
siDi).
Notation 22. We consider µm-actions on a smooth variety near a fixed point. We
always assume that char k does not divide m.
Etale locally the action is isomorphic to the induced action on the tangent space
of the fixed point. Thus we need to classify linear µm-actions on A
n and their
quotients. The action of µm can be diagonalized and described on k[z1, . . . , zn] by
zi 7→ λaizi. We always assume that gcd(a1, . . . , an,m) = 1. The quotient of An by
this action of µm is denoted by
An/µm(a1, . . . , an).
(It would be more consistent to denote this by An/µm(−a1, . . . ,−an) instead. The
two actions have the same invariants, so it is probably not worth while to carry the
extra minus sign around.)
This representation is unique, except that we are allowed to permute the ai and
the µm action can be given by any generator. That is, if gcd(s,m) = 1 then
An/µm(a1, . . . , an) ∼= A
n/µm(sa1, . . . , san).
We write An
z
if we need to indicate that we are working with an affine space with
coordinates zi.
Given a1, . . . , an and m set
ci := gcd(a1, . . . , âi, . . . , an,m), di := aici/C and C :=
∏
ci. (22.1)
Note that the ci are pairwise relatively prime and C/ci divides ai. Observe that
µci ⊂ µm acts trivially on all but the ith coordinate of A
n, so it is a quasi reflection.
SEIFERT Gm-BUNDLES 9
Therefore the quotient of An
z
by µC ∼=
∏
µci is again an affine space A
n
x
with
xi = z
ci
i . Thus, as a variety,
An
z
/µm(a1, . . . , an) ∼= A
n
x
/µm/C(d1, . . . , dn).
23 (The class group of a quotient singularity). Set X := An
x
/µM (d1, . . . , dn) where
gcd(d1, . . . , d̂i, . . . , dn,M) = 1 for any i. Define furthermore
Di : (xi = 0)/µM (d1, . . . , d̂i, . . . , dn) ⊂ X,
and let
OX(j) := ǫ
j- eigenspace of k[x1, . . . , xn],
as an OX -module. Thus
OX(j) = 〈
∏
xvii : vi ≥ 0,
∑
divi ≡ j mod M〉.
Observe that
OX(Dj) = 〈
∏
xvii : vj ≥ −1, vi ≥ 0 (i 6= j),
∑
divi ≡ 0 mod M〉
= x−1j 〈
∏
xwii : wi ≥ 0,
∑
diwi ≡ dj mod M〉 ∼= OX(dj).
Claim 24. The map j 7→ OX(j) gives an isomorphism Z/M ∼= Cl(X). Its inverse
is denoted by c1, called the local Chern class. (The “natural” Chern class maps
Cl(X) to the group of characters of µM . We have identified the latter with Z/M ,
but it is probably not a good idea to think of our c1 as a truly canonical map.)
Proof. This has been known in various forms for a long time; for instance the
computations of [Bri68, Mum61] both easily generalize to this case.
It is probably quickest to note that the natural Gnm-action on A
n descends to
X . By [FMSS95], Weil(X) is generated by Gnm-invariant divisors, the Di, with
Gnm-eigenfunctions giving the relations. 
25 (Local classification of smooth Seifert bundles). From (19) we see that a Seifert
Gm-bundle f : Y → X such that Y is smooth along f−1(x) is e´tale locally isomor-
phic to a Seifert Gm-bundle of the form
f : Gm × A
n/µM (r, a1, . . . , an)→ A
n/µM (a1, . . . , an),
where r, a1, . . . , an ∈ Z/M , gcd(a1, . . . , an,M) = 1. As before, the Seifert Gm-
bundle determines the numbers r, a1, . . . , an modulo M , except that (r, a1, . . . , an)
and (sr, sa1, . . . , san) correspond to the same Seifert Gm-bundle for any s which is
relatively prime to M .
The µM -action on the coordinate ring of Gm × An is given by
ts
∏
zuii 7→ ǫ
−(rs+
∑
aiui)ts
∏
zuii .
Thus the coordinate ring of Gm × An/µM (r, a1, . . . , an) is
k[ts
∏
zuii : s, ui ≥ 0, rs+
∑
aiui ≡ 0 mod M ].
The Gm-action is
ts
∏
zuii 7→ λ
−sts
∏
zuii .
In the notation of (10.1), Lj is generated by monomials of the form t
−j
∏
zuii , thus
Lj = 〈
∏
zuii : ui ≥ 0,
∑
aiui ≡ rj mod M〉.
Claim 26. The total space Gm × A
n/µM (r, a1, . . . , an) is smooth iff either
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(1) r is relatively prime to M , or
(2) r = 0 and An/µM (a1, . . . , an) is smooth.
Proof. If char k 6 |M then the µM -action is base point free if r is relatively prime
to M , and so the quotient is smooth. Conversely, if r 6= 0, the action of some
elment of µM has a codimension at least 2 fixed point set, so the quotient can not
be smooth by the purity of branch loci.
This settles the problem is characteristic 0. The positive characteristic cases can
all be lifted to characteristic 0, hence the conditions are necessary.
We still need to show that if r is relatively prime toM thenGm×An/µM (r, a1, . . . , an)
is smooth. Choose ei such that rei ≡ ai mod M . Then the coordinate ring of the
quotient can be written as
k[x1t
−e1 , . . . , xnt
−en , tM , t−M ]
and so Gm × An/µM (r, a1, . . . , an) ∼= Gm × An. 
We would like to identify L1 as a reflexive sheaf over A
n/µM (a1, . . . , an) and
also compute
∑
siDi. We start with some remarks on congruences.
Claim 27. Let ci and C be as in (22.1).
(1) One can write r uniquely as r ≡ lC +
∑
aibi mod M where 0 ≤ bi < ci
for every i.
(2) If
∑
aiui ≡ r mod M then uj ≡ bj mod cj for every j.
Proof. Since gcd(a1, . . . , an,M) = 1, we can write r ≡
∑
Biai mod M . ci
divides every aj except ai, so Bi modulo ci is uniquely determined by aiBi ≡ r
mod ci. Let bi be the remainder of Bi modulo ci.
Assume that
∑
aivi ≡ lC +
∑
aibi mod M . Since cj |C and cj |ai for i 6= j, we
conclude that ajvj ≡ ajbj mod cj . Furthermore, aj is relatively prime to cj , hence
vj ≡ bj mod cj . This proves (2) and the uniqueness part of (1). 
In order to identify L1 as module over A
n/µM (a1, . . . , an) we use (27.1–2) to
write it as
L1 = 〈
∏
zuii : ui ≥ 0,
∑
aiui ≡ r mod M〉
=
(∏
zbii
)
〈
∏
zui−bii : ui ≥ bi,
∑
aiui ≡ lC +
∑
aibi mod M〉
=
(∏
zbii
)
〈
∏
x
(ui−bi)/ci
i : ui − bi ≥ 0,
∑
aici
ui−bi
ci
≡ lC mod M〉
=
(∏
zbii
)
〈
∏
xvii : vi ≥ 0,
∑
divi ≡ l mod M/C〉.
Thus L1 ∼= OX(l).
The divisorial part
∑
siDi is computed from the map L
⊗M
1 → LM .
Since gcd(d1, . . . , d̂j , . . . , dn,M/C) = 1 for every j, the congruence condition∑
divi ≡ l mod M/C has solutions where vj = 0. This implies that the M -fold
product map
〈
∏
xvii : vi ≥ 0,
∑
divi ≡ l mod M/C〉
⊗M → OX
is an isomorphism generically along the Dj, hence its kernel and cokernel are both
supported on a codimension 2 set. Thus we conclude that
L
[M ]
1 =
(∏
zbii
)M
LM =
(∏
x
Mbi/ci
i
)
LM .
Thus the divisorial part of the representation of our Seifert Gm-bundle is given by
1
M
∑ Mbi
ci
Di =
∑ bi
ci
Di. We can summarize our computations:
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Proposition 28. The Seifert Gm-bundle
Gm × A
n
z
/µM (r, a1, . . . , an)→ A
n/µM (a1, . . . , an) ∼= A
n/µM/C(d1, . . . , dn) = X
is isomorphic to
Y (OX(l),
∑ bi
ci
Di)→ X,
where ci := gcd(a1, . . . , âi, . . . an,M) and l, b1, . . . , bn are the unique solutions to
r ≡ l
∏
ci +
∑
aibi mod M satisfying 0 ≤ bi < ci for every i. 
We are ready to formulate a smoothness criterion that is easy to use in practice.
Proposition 29. Let X = An/µM (d1, . . . , dn) be a quotient singularity such that
gcd(d1, . . . , d̂i, . . . dn,M) = 1 for every i. Let Di = (xi = 0)/µM (d1, . . . , d̂i, . . . , dn) ⊂
X. Assume that we have integers 0 ≤ bi < ci such that gcd(bi, ci) = 1 for every i.
The following are equivalent.
(1) Y := Y (OX(l),
∑ bi
ci
Di) is smooth.
(2) (a) gcd(ci, cj) = 1 for every i 6= j, and
(b) OX(l
∏
i ci)(
∑
i(
∏
j 6=i cj)biDi) generates Cl(X).
(3) (a) gcd(ci, cj) = 1 for every i 6= j, and
(b) (
∏
i ci)c1(Y/X) (cf. (9)) is relatively prime to M .
Proof. In the quotient representation Y = Gm ×Anz /µm(r, a1, . . . , an) the ci are
pairwise relatively prime and di is relatively prime to ci. Furthermore, Y is smooth
iff r = (
∏
ci)l +
∑
i(
∏
j 6=i cj)bidi is relatively prime to m =M
∏
ci.
Pick a prime p dividing ck. Then p 6 |bkdk and p divides every summand of
(
∏
ci)l +
∑
i(
∏
j 6=i cj)bidi save (
∏
j 6=k cj)bkdk. Thus r being relatively prime to
m =M
∏
ci is equivalent to being relatively prime to M .
The conditions (b) also imply that gcd(ci, di) = 1 for every i. 
3. Topological Seifert C∗-bundles
Definition 30. [OW75] Let X be a nomal analytic space and G a real Lie group.
A topological Seifert G-bundle over X is a topological space Y together with a
G-action and a continuous map f : Y → X such that X has an open covering
X = ∪iUi such that for every i the preimage f : f−1(Ui) → Ui is fiber preserving
G-equivariantly homeomorphic to a “standard local Seifert G-bundle”
fi : (G× Vi)/Gi → Ui.
Here Vi is a normal analytic space, Gi a finite group of biholomorphisms such that
Vi/Gi ∼= Ui and the Gi-action on G × Vi is the diagonal action given on G by a
homomorphism φi : Gi → G composed with the right action of G on itself. The
left G-action of G on itself gives the G action on Y .
In order to avoid nontrivial orbifold structures on Y , we always assume that the
Gi-action on G× Vi is fixed point free outside a codimension 2 set.
Every analytic Seifert G-bundle corresponds to a topological Seifert G-bundle
by ignoring the analytic structure.
Remark 31. From the topological point of view it is rather unnatural to require
that the Vi be complex spaces and it may be interesting to develop a purely topo-
logical theory without any analytic assumptions. Our main interest, however, lies
in understanding the analytic and topological properties of holomorphic Seifert
C∗-bundles.
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Aside from some smoothness questions, the above definition is equivalent to the
one in [OW75].
Lemma 32. Let fi : Yi → X be two holomorphic Seifert C∗-bundles which are C∗-
equivariantly homeomorphic. Then there is an open covering X = ∪Uj such that
f−11 (Uj)→ Uj and f
−1
2 (Uj)→ Uj are C
∗-equivariantly biholomorphic for every j.
Proof. For sufficiently divisible M , consider the quotient Seifert C∗-bundles
Yi/µM → X defined in (13).
Both are C∗-bundles, hence there is a covering X = ∪Uj such that the Yi/µM →
X are trivial over every Uj .
The quotient maps Yi → Yi/µM are finite degree ramified coverings which are
C∗-equivariantly homeomorphic to each other.
The biholomorphisms Y1/µM |Uj ∼= Y2/µM |Uj differ from the global homeomor-
phism Y1/µM ∼ Y2/µM by a translation by a continuous function Uj → C∗. Thus
by suitably changing the C∗-equivariant homeomorphism over Uj we get a commu-
tative diagram
Y1|Uj ∼ Y2|Uj
↓ ↓
Y1/µM |Uj ∼= Y2/µM |Uj ,
where ∼ is a homeomorphism, ∼= a biholomorphism and the vertical arrows are
finite degree ramified coverings of analytic spaces. Thus Y1|Uj is biholomorphic to
Y2|Uj by the uniqueness of analytic structures on finite coverings. 
The following rather standard result provides an alternate approach to the de-
scription of Seifert C∗-bundles. It also provides an efficient way to compare holo-
morphic and topological Seifert C∗-bundles.
Definition 33. Let X be a normal analytic space and G a commutative complex
Lie group. Holomorphic sections of G×X → X form a sheaf, denoted by GanX . Its
cohomology groups are denoted by Hi(X,Gan). Similarly, continuous sections of
G×X → X form a sheaf, denoted by GtopX . Its cohomology groups are denoted by
Hi(X,Gtop). There are natural “forgetful” maps Hi(X,Gan)→ Hi(X,Gtop).
Note that (C∗)anX is usually denoted by O
∗
X .
Proposition 34. Let X be a normal analytic space and G a commutative complex
(resp. real) Lie group. Let X = ∪Ui be an open cover and assume that over each
Ui we have an analytic (resp. topological) Seifert G-bundle Yi → Ui and there are
G-equivariant biholomorphisms (resp. homeomorphisms) φij : Yj |Uij ∼= Yi|Uij .
(1) There is an obstruction element in the torsion subgroup H2tors(X,G
an)
(resp. H2tors(X,G
top)) such that there is a global Seifert G-bundle Y → X
compatible with these local structures iff the obstruction element is zero.
(2) The set of all such global Seifert G-bundles, up to G-equivariant biholo-
morphisms (resp. homeomorphisms), is either empty or forms a principal
homogeneous space under H1(X,Gan) (resp. H1(X,Gtop)).
(3) Both of the constructions commute with the forgetful maps Hi(X,Gan) →
Hi(X,Gtop).
Proof. The analytic and topological proofs are exactly the same. We write
Hi(X,G) to indicate that we can work in either settings.
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The isomorphisms φij can be changed to αijφij for any αij ∈ H0(Uij , G). These
patchings define a global Seifert G-bundle iff
αikφik = αijφijαjkφjk for every i, j, k.
This is equivalent to
αijαjkαki = (φijφjkφki)
−1 for every i, j, k. (34.4)
The products (φijφjkφki)
−1 ∈ H0(Uijk, G) satisfy the cocycle condition, and they
define an element ofH2(X,G), called the obstruction. One can find {αij} satisfying
(34.4) iff the obstruction is zero.
Replacing the Yj by Yj/µM changes the isomorphisms over Ui∩Uj to φMij , hence
the obstruction corresponding to the Seifert C∗-bundles Yj/µM is the Mth power
of the original obstruction.
If M is sufficiently divisible, the quotients Yj/µM are all C
∗-bundles, and these
can always be globalized to the trivial C∗-bundle. Thus the obstruction is always
torsion.
Two choices {αij} and {α′ij} give isomorphic Seifert bundles iff there are iso-
morphisms δi : Yi ∼= Yi (viewed as elements of H0(Ui, G)) such that
α′ijα
−1
ij = δiδ
−1
j |Uij .
Thus {α′ijα
−1
ij } corresponds to a class in H
1(X,G). 
Example 35. Consider P1×P1. Blow up the 4 points all of whose coordinates are
in {0,∞} and contract the resulting 4 rational curves of selfintersection −2. We get
a surface S with 4 ordinary double points pi. The local class group of the points is
Z/2.
By looking at all curves on P1×P1 we easily see that if C ⊂ S is any curve and [C]i
is the corresponding element in the local class group of pi then
∑
i[C]i = 0 ∈ Z/2.
In particular we obtain that any Seifert C∗ bundle which is trivial on S \ {p1} is
trivial.
Here H3(S,Z) ∼= Z/2 and there is a nontrivial obtsruction.
Lemma 36. Notation as above.
(1) Hi(X, (C∗)top) ∼= Hi+1(X,Z) for i ≥ 1.
(2) If Hi(X,OX) = 0 for i = 1, 2 then H1(X, (C∗)an) ∼= H2(X,Z) and there is
an injection H2(X, (C∗)an) →֒ H3(X,Z).
Proof. Let CtopX denote the sheaf of continuous complex valued functions. This
sheaf is soft and so it has no higher cohomologies (cf. [Bre67, II.9]). Thus the long
exact cohomology sequence of the exponential sequence
0→ Z
2pii
→ CtopX
exp
→ (C∗)topX → 0
proves (1).
The second part follows similarly from the holomorphic exponential sequence
0→ Z
2pii
→ OX
exp
→ O∗X → 0. 
Remark 37. Let X be a normal analytic space with rational singularities such
that Hi(X,OX) = 0 for i = 1, 2.
Let f : X ′ → X be any resolution of singularities. It is not hard to see (cf.
[AM72]) that ker
[
H3tors(X,Z)
f∗
→ H3tors(X
′,Z)
]
is independent of the choice of X ′.
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One can show that the obstructions in (34.1) are in this smaller group. We do
not use this in the sequel.
Theorem 38. Let X be a normal analytic space such that Hi(X,OX) = 0 for
i = 1, 2. Then the forgetful map{
holomorphic
Seifert C∗-bundles
}
−→
{
topological
Seifert C∗-bundles
}
is an isomorphism.
Proof. First we consider injectivity. By (32) if fi : Yi → X are two holomorphic
Seifert C∗-bundles which are homeomorphic then they are locally biholomorphic to
each other.
Thus, by (34) they differ by an element of H1(X, (C∗)an), which is isomorphic to
H2(X,Z) by (36). Hence they are also different as topological Seifert C∗-bundles,
again by (34) and (36).
In order to prove that every topological Seifert C∗-bundle has a holomorphic
structure, consider the quotient Seifert C∗-bundle Y/µX defined in (13). (Although
these were considered in the algebraic case, the construction can be also performed
topologically.)
The quotient Y/µX is a topologicalC
∗-bundle, and these are classified byH2(X,Z).
By our assumptions and (36), every toplogical C∗-bundle has a unique analytic C∗-
bundle structure.
The quotient map Y → Y/µX is a finite degree ramified covering map, and it
ramifies along the preimages of the branch divisors of Vi → Ui which are analytic
subvarieties. Thus Y has a unique analytic structure which makes the quotient
map Y → Y/µX holomorphic. 
4. Orbifolds
Definition 39 (Orbifolds). An orbifold is a normal variety X covered by e´tale
charts ∪Ui ։ X where each Ui is written as a quotient of a smooth variety by a
finite group. That is, for each Ui there is a smooth variety Vi and a finite (reduced)
group Gi acting on Vi such that Ui is isomorphic to the quotient space Vi/Gi. The
quotient maps are denoted by φi : Vi → Ui.
We denote an orbifold by Xorb.
The compatibility condition between the charts that one needs to assume is that
the coordinate projections from the normalization of the fiber products
Vi ×X Vj → Vi
are all e´tale.
To avoid complications, we only consider the case when the orders |Gi| are not
divisible by the characteristic.
Since the transition maps between the charts are e´tale, the cotangent bundles
Ω1Vi glue together to the orbifold cotangent bundle Ω
1
Xorb .
Although we write X = ∪Ui, we are always allowed to replace the covering {Ui}
by a suitable finer covering {Uij}.
We allow the case when there are codimension 1 fixed point sets. Then the
quotient map φi : Vi → Ui has branch divisors Dij ⊂ Ui and ramification divisors
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Rij ⊂ Vi. Let mij denote the ramification index over Dij . Locally near a general
point of Rij the map φi looks like
φi : (x1, x2, . . . , xn) 7→ (z1 = x
mij
1 , z2 = x2, . . . , zn = xn).
The compatibility condition between the charts implies that there are global divisors
Dj ⊂ X and ramification indices mj such that Dij = Ui ∩Dj and mij = mj (after
suitable re-indexing).
It will be convenient to codify these data by a single Q-divisor, called the branch
divisor of the orbifold,
∆ :=
∑
(1 − 1mj )Dj .
The orbifold is uniquely determined by the pair (X,∆). Indeed, given a point
v ∈ Vi, set u = φi(v) ∈ Ui. Then e´tale locally the quotient map φi : (v ∈ Vi) →
(u ∈ Ui) is uniquely determined by the following condition:
(1) φ is unramified over Ui \ (SingUi ∪
⋃
j Dj).
(2) The ramification index of φ over Dj divides mj.
(3) φi : (v ∈ Vi) → (u ∈ Ui) is the maximal covering satisfying the above 2
conditions.
Slightly inaccurately, we sometimes identify the orbifold with the pair (X,∆).
An orbifold (X,∆) is called locally cyclic if all the local charts Ui ⊂ X are
quotients of the Vi by cyclic groups Gi. Thus, e´tale locally, it can be given by
charts
An
z
/µM (a1, . . . , an),
where gcd(a1, . . . , an,M) = 1.
Let f : Y → X be a Seifert Gm-bundle and assume that char k = 0. By (20),
this defines an orbifold structure on X , denoted by (X,∆). Note that the divisors
appearing in ∆ =
∑
(1 − 1mj )Dj are the same as the divisors appearing in the
representation Y = Y (L,
∑ bj
cj
Dj). Furthermore, cj = mj but the orbifold does not
carry any information about the bj or about L.
We write a Seifert Gm-bundle as
f : Y → (X,∆)
if we want to emphasize the orbifold structure on the base.
From the point of view of [OW75, Kol04b] it is very natural to choose first (X,∆)
and then consider the effect of various choices of bi and L later.
Proposition 40. Let f : Y → (X,∆) be a Seifert Gm-bundle over a field of
characteristic 0, Y smooth. There is an exact sequence
0→ f∗Ω1Xorb → Ω
1
Y → OY → 0.
Proof. For any orbifold chart U = V/µM of (X,∆) we get an e´tale chart Gm ×
V/µM on Y . Choose coordinates (t, x1, . . . , xn), then
Ω1Gm×V
∼= dtt OGm×V + f
∗Ω1V .
This decomposition is invariant under the µM -action, but the representation of
Gm × V as a direct product is not unique, as we can replace t by φ(x)t where
φ ∈ OV is any invertible function. Since
d(φ(x)t)
φ(x)t
=
dt
t
+
∑
i
1
φ(x)
∂φ(x)
∂xi
dxi,
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we conclude that dtt gives a well defined global generator of Ω
1
Y /f
∗Ω1Xorb . 
Corollary 41. [FZ03] Let f : Y → (X,∆) be a Seifert Gm-bundle over a field of
characteristic 0. Then
KY = f
∗KX +
∑
(ai − 1)D
Y
i .
Proof. Linear equivalence of divisors is not affected by throwing away a subset
of codimension 2, thus we may assume that Y and X are smooth. This case follows
directly from (40) by noting that f∗KXorb = f
∗KX +
∑
(ai − 1)D
Y
i . 
This may seem a little unexpected since for the total space g : Z → X of a line
bundle L the canonical bundle formula is KZ = g
∗(KX + L). We are, however,
looking only at Y := Z \ (zero section), and this exactly kills the g∗L part of the
formula.
42. Let f : Y → (X,∆) be a Seifert Gm-bundle over a field of characteristic 0 such
that c1(Y/X) is ample. As noted in (14), this implies that the section at infinity
X∞ ⊂ Y¯ is contractible and we obtain a singularity 0 ∈ W with a good Gm-action.
From (41) and (15) we conclude that KW is Q-Cartier iff KX +∆ is a rational
multiple of c1(Y/X).
Furthermore, if (X,∆) is an orbifold, then applying the generalized adjunction
formula (as developed in [Kol92, Sec.16]) to X∞ ⊂ Y¯ we conclude that 0 ∈ W is
log terminal (cf. [KM98, 2.34]) iff −(KX +∆) is ample.
5. Topology of Seifert C∗-bundles
In this section the base field is C.
Our aim is to obtain information about the integral cohomology groups and the
fundamental group of a Seifert bundle f : Y → (X,∆) in terms of (X,∆) and the
Chern class of Y → X .
The cohomology groups Hi(Y,Z) are computed by a Leray spectral sequence
whose E2 term is
Ei,j2 = H
i(X,Rjf∗ZY )⇒ H
i+j(Y,Z).
Every fiber of f is C∗, so R2f∗ZY = 0 and the only interesting higher direct image
is R1f∗ZY . Our first task is to compute this sheaf and its cohomology groups.
Next we consider the simplest edge homomorphism in the spectral sequence
δ : H0(X,R1f∗ZY )→ H
2(X,Z),
and identify it with the Chern class m(X)c1(Y/X).
In some cases of interest, these data completely determine the cohomology
groups, and even the topology, of Y . Some of these instances are discussed in
[OW75, Kol04a].
Proposition 43. Let f : Y → X be a Seifert C∗-bundle.
(1) There is a natural isomorphism τ : R1f∗QY ∼= QX .
(2) There is a natural injection τ : R1f∗ZY →֒ ZX which is an isomorphism
over points where m(x) = 1.
(3) If U ⊂ X is connected then
τ(H0(U,R1f∗ZY )) = m(U) ·H
0(U,Z) ∼= m(U) · Z,
where m(U) is the lcm of the multiplicities of all fibers over U .
SEIFERT Gm-BUNDLES 17
Proof. Pick x ∈ X and a contractible neighborhood x ∈ V ⊂ X . Then f−1(V )
retracts to S1 ⊂ f−1(x) and (together with the orientation) this gives a distin-
guished generator ρ ∈ H1(f−1(V ),Z). This in turn determines a cohomology class
1
m(x)ρ ∈ H
1(f−1(V ),Q). These normalized cohomology classes are compatible with
each other and give a global section of R1f∗QY . Thus R
1f∗QY = QX and we also
obtain the injection τ : R1f∗ZY →֒ ZX as in (2).
If U ⊂ X is connected, a section b ∈ Z ∼= H0(U,ZU ) is in τ(R1f∗ZY ) iff m(x)
divides b for every x ∈ U . This is exactly (3). 
Corollary 44. The quotient map π : Y → Y/µX (defined in (13)) induces an
isomorphism
H0(X,R1f∗ZY ) ∼= π
∗H0(X,R1(f/µX)∗ZY/µX ).
Under this isomorphism, the edge homomorphism
δ : H0(X,R1f∗QY )→ H
2(X,Q)
is identified with the Chern class c1(Y/X). Thus the image of
δ : H0(X,R1f∗ZY )→ H
2(X,Z)
is generated by c1(Y/µX) = m(X)c1(Y/X).
Proof. If m(X) is the lcm of the multiplicities of all fibers then
τ(π∗H0(X,R1(f/µX)∗ZY/µX )) = m(X) ·H
0(X,Z)
and so it agrees with τ(H0(X,R1f∗ZY )).
The map π induces a map between the spectral sequences
Hi(X,Rjf∗ZY/µX )⇒ H
i+j(Y/µX ,Z) and H
i(X,Rjf∗ZY )⇒ H
i+j(Y,Z),
thus δ is identified with the corresponding edge homomorphism
δ : H0(X,R1(f/µX)∗ZY/µX )→ H
2(X,Z).
For a C∗-bundle this is exactly the Chern class of Y/µX . 
Corollary 45. The quotient map π : Y → Y/µX induces an isomorphism on
rational cohomologies. Thus Y is a rational homology sphere iff
H∗(X,Q) ∼= Q[c1(Y/X)]/(c1(Y/X)
n+1) where n = dimX.
Proof. We have seen that π induces an isomorphism betwen the spectral se-
quences with Q-coefficients, giving the first claim. A circle bundle M → X is an
integral (resp. rational) homology sphere iff c1(M/X) generates H
∗(X,Z) (resp.
H∗(X,Q)). 
Note 46. The only simply connected smooth projective variety such that H∗(X,Z)
is generated by a degree 2 element that I know is Pn. All Seifert bundles Y → Pn
homeomorphic to S2n+1 were described in [OW75].
On the other hand, there are many other Seifert bundles over singular varieties
Y → X such that Y is homeomorphic to S2n+1. These give interesting examples
of Einstein metrics on S2n+1, see [BGK03].
We see that (43) describes the sheaf R1f∗ZY completely in terms of (X,∆), but
it is not always easy to compute its cohomologies based on this description. There
are, however, some cases where this is quite straightforward.
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Proposition 47. Let f : Y → (X,
∑
(1 − 1mi )Di) be a Seifert bundle and assume
that X is smooth. Then there is an exact sequence
0→ R1f∗ZY
τ
→ ZX →
∑
i
ZDi/mi → 0.
Proof. Note that mi and mj are relatively prime if Di ∩ Dj 6= ∅. It is now
clear that the kernel of ZX →
∑
i ZDi/mi has the same sections as described in
(43.3). 
We get a slightly more complicated description if X has only isolated singulari-
ties.
Proposition 48. Let f : Y → (X,
∑
(1− 1mi )Di) be a Seifert bundle. Assume that
X has only isolated singularities of type An/µnj at Pj ∈ X as in (22). Then there
is an exact sequence
0→ R1f∗ZY
τ
→ ZX → Q→ 0.
and in turn Q sits in another exact sequence
0→
∑
j
ZPj/nj → Q→
∑
i
ZDi/mi → 0. 
Definition 49. Let (X,
∑
i(1 −
1
mi
)Di) be an orbifold and X
0 ⊂ X the smooth
locus of X . The orbifold fundamental group πorb1 (X,∆) is the fundamental group
of X0 \ Supp∆ modulo the relations: if γ is any small loop around Di at a general
point then γmi = 1.
Note that πorb1 (X, 0) is usually different from π1(X).
The abelianization of πorb1 (X
0,∆) is denoted by Horb1 (X
0,∆), called the abelian
orbifold fundamental group. (I do not know how to define analogous orbifold ho-
mology groups Horbi for i ≥ 2.)
The following is a straightforward generalization of the computation of the fun-
damental group of 3–dimensional Seifert bundles, cf. [Sei32].
Proposition 50. Let f : Y → (X,∆) be a Seifert bundle and let X0 ⊂ X denote
the smooth locus. Assume that Y is smooth. There is an exact sequence
π1(S
1)→ π1(Y )→ π
orb
1 (X,∆)→ 1.
Proof. Removing a real codimension 4 set f−1(X \X0) from Y does not change
the fundamental group, thus we may assume that X is smooth.
We have a surjection
f∗ : π1(f
−1(X \ Supp∆))։ π1(X \ Supp∆).
Let γi be a small loop around Di at a general point. Then γi lifts to a loop around
f−1(Di) and the lifting of γ
mi
i contracts in Y . Thus f∗ descends to a surjection
f∗ : π1(Y )։ π
orb
1 (X,∆).
In order to compute the kernel, we can pass to the universal orbifold cover of (X,∆)
and so we assume that πorb1 (X,∆) = 1.
Let γ ∈ Y be a closed loop. We can perturb it and assume that it is contained
in Y \ f−1(Supp∆). The image f(γ) ∈ X \Supp∆ need not be contractible, but it
is in the normal subgroup generated by the above γmii . The latter are all images of
loops that are contractible in Y , thus by composing γ with these we may assume
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that f(γ) is contractible in X \ Supp∆. Since Y \ f−1(Supp∆) → X \ Supp∆ is
a circle bundle, γ is thus homotopic to a multiple of the fiber. 
51. The determination of πorb1 (X,∆) seems rather tricky in general, but its abelian-
ization is fully computable. The case when H1(X
0,Z) = 0 is especially easy to
state.
Proposition 52. [OW75, 4.6] Let X be a complex manifold such that H1(X,Z) = 0
and let D1, . . . , Dn ⊂ X be smooth divisors intersecting transversally.
(1) Horb1 (X,
∑
(1 − 1ci )Di) is given by generators g1, . . . , gn and relations
(a) cigi = 0 for i = 1, . . . , n, and
(b)
∑
gi([Di] ∩ η) = 0 for every η ∈ H2(X,Z).
(2) For any line bundle L, H1(Y (L,
∑ bi
ci
Di),Z) is given by generators k, g1, . . . , gn
and relations
(a) cigi + bik = 0 for i = 1, . . . , n, and
(b) k(c1(L) ∩ η)−
∑
gi([Di] ∩ η) = 0 for every η ∈ H2(X,Z). 
Proposition 53. Yet (X,∆) be an orbifold and assume that Horb1 (X,∆) = 0.
Then a Seifert C∗-bundle f : Y → (X,∆) is uniquely determined by its Chern class
c1(Y/X) ∈ H2(X,Q).
Proof. Let Y j → (X,∆) be two Seifert C∗-bundles constructed from the invari-
ants (
∑
(bji/ci)Di, L
j) as in (7). The equality of their Chern classes means that
c1(L
1) +
∑
b1i
ci
[Di] = c1(L
2) +
∑
b2i
ci
[Di] ∈ H
2(X,Q).
Let X0 ⊂ X denote the smooth locus and set M := lcm{ci}. Since H1(X0,Z) = 0,
there is no torsion in H2(X0,Z), and so after restricting to X0 we get an equality
in integral cohomology
M · (c1(L
1)− c1(L
2)) +
∑
(b1i − b
2
i )
M
ci
[Di] = 0 ∈ H
2(X0,Z). (53.1)
H1(X,Z) = 0 also implies that H
1(X,OX) = 0, hence the Picard group of X0
injects into H2(X0,Z), and so (53.1) is also a linear equivalence.
Set βi = b
1
i − b
2
i if b
1
i − b
2
i ≥ 0 and βi = ci + b
1
i − b
2
i if b
1
i − b
2
i < 0. Then (53.1)
can be rearranged to ∑
βi
M
ci
[Di] =M · c1(N),
where N is some line bundle on X0 and 0 ≤ βi < ci. This corresponds to
an M -sheeted covering of X0 which ramifies along Di with ramification index
= ci/ gcd(βi, ci). This covering represents a nontrivial element of H
orb
1 (X,∆), un-
less ci|βi for every i. This is only possible if βi = 0 for every i. Thus b
1
i = b
2
i for
every i and hence also L1 ∼= L2. 
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